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Conservation of Quantum Correlations in Multimode Systems with U(1) Symmetry
G.Buonaiuto,∗ D.M. Whittaker, and E.Cancellieri†
Department of Physics and Astronomy, University of Sheffield, Sheffield S3 7RH, United Kingdom
We present a theoretical investigation of the properties of quantum correlation functions in multi-
mode system. We define a total mth order equal-time correlation function, summed over all modes,
which is shown to be conserved if the Hamiltonian possesses U(1) symmetry. It is also conserved
in the presence of dissipation, provided the loss rate is the same for all modes of the system. As
examples, we demonstrate this conservation using numerical simulations of a coupled cavity system
and the Jaynes-Cummings model.
In this letter, we investigate theoretically the proper-
ties of number operator correlation functions in a multi-
mode system, where the Hamiltonian has U(1) symmetry
[1], or equivalently commutes with the total number op-
erator for all the modes in the system. We define a total
mth order equal-time correlation function for the system,
summed over all modes. We show that this quantity is
conserved in a closed system, and also in a dissipative
system if all the modes have linear gain or losses of the
same magnitude. As examples, we demonstrate this con-
servation using numerical simulations of a coupled cav-
ity system and the Jaynes-Cummings model. We show
that the second order correlation functions for individual
modes are not conserved, but the total correlation func-
tion is constant. The link between the conservation of
intensity correlation functions and the U(1) invariance,
opens the way to use photon counting measurements to
determine when the system is undergoing a spontaneous
global U(1) symmetry breaking, with broad applications
in condensed matter systems, like quantum Hall bilayers
[2] and spin liquid in Kagome lattice [3].
Equal time correlation functions, particularly the
second order, equal time, correlation function (SOC),
g(2)(t, t) (often referred to as g(2)(0) in a steady state),
are important tools, both theoretically and experimen-
tally for investigating the statistical properties of fluctu-
ations in a quantum system [4]. The SOC characterizes
the variance in the occupation of a mode. It is defined
in such a way that for a classical field g(2)(0) ≥ 1, so
that a value less than one is regarded as a clear signature
of ‘quantum’ behavior, while the smallness of g(2)(0) is
an important figure of merit for a single photon source.
Second, and higher order correlation functions are also
relevant in a range of photon counting experiments, such
as the Hanbury Brown - Twiss interferometer [5]. Under-
standing the dynamics of correlation functions is impor-
tant in the investigation of phase transitions, entangle-
ment and other quantum properties of optical and con-
densed matter systems.
In this letter, we investigate the properties of quan-
tum correlation functions in a multimode system. In this
case there are numerous correlation functions, describing
the fluctuations in each mode individually, but also the
cross-correlations between different modes. We define a
total, mth-order, correlation function for such a system,
summing over all the different modes. We show that this
total correlation function is conserved if the Hamiltonian
governing the dynamics exhibits U(1) symmetry and,in a
dissipative scenario, if all the modes experience the same
dissipation with Lindbald terms[6], which are linear in
the system operators. A Hamiltonian which possesses
U(1) symmetry will preserve the total number of exci-
tations in a non-dissipative system; dissipation will, of
course, mean that the number is not conserved.
The Total Correlation Function. For a multimode sys-
tem, there are multiple second order quantum correlation
functions corresponding to the different modes which are
measured. At equal times, these have the form
g
(2)
ij (t, t) =
〈c†i c
†
jcicj〉
〈c†i ci〉 〈c
†
jcj〉
, (1)
where c†i , ci and c
†
j , cj are the creation and annihilation
operators for modes i and j, which may be bosonic or
fermionic, and 〈...〉 is the time dependent mean value of
the operators. If i = j, Eq. (1) quantifies the fluctua-
tions within a mode, otherwise it describes correlations
between the fluctuations in different modes. This defi-
nition can be extended to higher order correlations: the
mth order function contains m creation and annihilation
operators, potentially for m different modes.
We define the total mth order correlation function for
the output field of a multimode system as
g
(m)
tot (t, t) =
〈J〉
〈N〉m
, (2)
where
〈J〉 = 〈: (
∑
i
c†ici)
m :〉 (3)
and
〈N〉 = 〈
∑
i
c†i ci〉 (4)
is the total number operator for the system. 〈: .. :〉 indi-
cates the normal ordering of the enclosed operators, and
the sum extended over every mode in the system. Note
2that this is not the same as summing the g
(m)
i,j over all
the modes because every term is normalized by the mth
power of the total occupation of the system. However,
we regard our definition as a more natural sum, because
it weights the contribution of each mode according to
its occupation. Furthermore, in a system where all the
modes are photonic with equal external coupling, it rep-
resents the mth order correlation function which would
be obtained if the total emission were to be measured,
without resolving the individual modes. In the case of
a single mode and m = 2 it is identical to the standard
SOC, given by Eq.(1) with i = j.
Conservation of g
(m)
tot (t, t) in closed system. In order to
determine the condition that the total correlation func-
tion is conserved, we equate its time derivative to zero,
giving(
d
dt
〈J〉
)
〈N〉
m
−
(
m 〈N〉
m−1 d
dt
〈N〉
)
〈J〉 = 0. (5)
For closed system that is guaranteed by:
d
dt
〈N〉 = 0,
d
dt
〈J〉 = 0, (6)
which means that the Hamiltonian must commute with
bothN and J . Now, the normally ordered operator J can
be written as a power expansion in the total number op-
erator, J =
∑m
k dkN
k, where dk are numerical coefficient
related to the order of the expansion [7]. The condition
[H, J ] = 0 is thus satisfied provided [H,N ] = 0, so this
is our only requirement. The condition [H,N ] = 0 is
equivalent to invariance under the gauge transformation{
c˜i
† = c†ie
iφ
c˜i = cie
−iφ ∀i
which corresponds to a global U(1) symmetry of the
Hamiltonian H .
This result can be summarized in a general theorem:
Theorem: For any closed system with an arbitrary num-
ber of modes, described by Hamiltonian H, iff H globally
possess a U(1) symmetry, i.e. [H,N ] = 0, where N is
the total number operator, then the total mth order equal
time correlation function g
(m)
tot (t, t) is a conserved quan-
tity.
Two modes quantum fields. To underline the link be-
tween the global U(1) symmetry of the Hamiltonian and
the conservation of the SOC function, we first consider
the case of two closed, undriven linear bosonic modes,
coherently coupled. This system can be described by a
Hamiltonian of the form
Htm = ω1a
†
1a1 + ω2a
†
2a2 + τ(a
†
1a2 + a
†
2a1), (7)
where ωi are the energies of each mode and τ is the cou-
pling strength between modes. Note that we can add
non-linear terms with no effect provided they commute
with the number operators for each mode, so this discus-
sion could equally apply to a two-mode Bose-Hubbard
model.
We need to evaluate the time derivative for three corre-
lators: the two auto-correlation functions (g
(2)
1 , g
(2)
2 ) and
the cross correlation function (g
(2)
1,2 = g
(2)
2,1). It is easy to
show the dependence of the auto-correlation, 〈a†1a
†
1a1a1〉,
from the hopping terms:
d
dt
〈a†1a
†
1a1a1〉 = −iτ(2 〈a
†
1a1a1a
†
2〉 − 2 〈a
†
1a
†
1a1a2〉+ 〈a
†
1a2〉
− 〈a†2a1〉), (8)
while the derivative of the number of particles for mode
1, 〈n1〉, is
d
dt
〈n1〉 = −iτ 〈a
†
1a2 − a
†
2a1〉 , (9)
with an equivalent form for mode 2. The autocorre-
lation function for mode 1 (and analogously for mode
2) is not conserved. However, considering now our
Theorem, we note that though the Hamiltonian does
not commute with the number operator for each mode
([Htm, n1,2] 6= 0), i.e. the U(1) symmetry is locally bro-
ken, it does commute with the total number operator
N = n1 + n2. This is a consequence of the global U(1)
symmetry of the Hamiltonian. Therefore, it can be ex-
pected that total SOC function, g
(m)
tot is conserved. This
can be confirmed by evaluating the time derivative of the
cross correlation between the two modes. the expression
contains terms which precisely cancel the derivative of
the auto-correlation function:
d
dt
〈a†2a2a
†
1a1〉 = iτ(〈a
†
2a2a
†
1a2〉+ 〈a
†
2a1a
†
1a1〉 −
〈a†1a2a
†
1a1〉 − 〈a
†
2a2a
†
2a1〉). (10)
Increasing the number of modes, the above argument en-
compasses the 1D Bose-Hubbard Hamiltonian. More-
over, it can be also extended to bosonic quantum net-
works [8], which can describe a huge variety of physi-
cal systems, like photonic or polaritonic lattices (Lieb
[9], Kagome [10] and Graphene [11]), quantum networks
and collective phenomena involving parametric processes
(like parametric up/down conversion).
Jaynes-Cummings Hamiltonian. It is also interest-
ing to consider the case of mixed bosonic and fermionic
systems, for example, the Jaynes-Cummings-Hubbard
model [12], the spin-boson network model [13], and light-
matter coupled systems [14]. The simplest case is the
Jaynes Cummings model, for a single-mode cavity, con-
taining one two-level atom:
HJC = ω0a
†a+ ωaσ
+σ− + η(a†σ− + aσ+), (11)
30.0
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FIG. 1. Numerical solution for HJC , with a Rabi term η =
0.25 and ωa = ωσ = 0, prepared in an initial state with
|α0|
2 = 0.18 particles in the cavity mode and the atom in the
excited state. (a) The number of photons, na, and excitation
level of the atom, nσ. nσ = 0 corresponds to the atom in its
ground state, nσ = 1 to the excited state. (b) The correlation
functions G
(2)
i,j = 〈a
†
ia
†
jaiaj〉 /N
2 for the atomic, bosonic and
for the cross terms. The total correlations for the emitted
light is a constant of motion; here it is always sub-Poissonian
(g
(2)
tot < 1).
where ω0 and ωa are the energies of the mode and
atom, η is the vacuum Rabi frequency that character-
izes the photon-atom interaction strength and σ± are
the atomic raising and lowering operators. We have writ-
ten this Hamiltonian using the rotating wave approxima-
tion (RWA), since it then commutes with the total num-
ber of excitations, [HJC , N ] = 0, where N = na + nσ,
nσ = σ
+σ− is the number operator for fermions, and
na = a
†a is the number operator for bosons. In Fig.2
we show numerical calculations of the dynamics of the
Jaynes-Cummings model described by HJC , preparing
the system in an initial state |ψ(0)〉 = |α0, e〉, with |α0|
2
particles in the field mode, and the two level system
in the excited state |e〉. As expected, we find that the
atomic and the field correlations change in time, while
g
(2)
tot(t, t) remains constant, since the U(1) symmetry is lo-
cally broken, [HJC , nσ] 6= 0 and [HJC , na] 6= 0. In order
to lose the stationarity, it is sufficient to break the sym-
metry with respect to the total number operator to lose
the stationarity, for example having a coherent driving
term like Ωσ(t) = h(t)(σ
+ + σ−) or Ωa(t) = h(t)(a
† + a)
[15]. The Jaynes Cummings model beyond the rotating
wave approximation contains terms that break the U(1)
symmetry, allowing creation and destruction of excita-
tions. Then, when the coupling strength Ω is increased,
a phase transition occurs occurs where particles are spon-
taneously created. This generates a dynamics of the total
SOC functions. Similar behavior should be seen in any
system which breaks a U(1) symmetry while undergoing
a phase transition, for example, in the case of Hubbard
Hamiltonians inside a cavity [16].
Conservation of g
(m)
tot (t, t) in dissipative systems. We
now consider dissipative systems, whose dynamics is de-
scribed by a master equation in the Lindblad form[17]:
∂ρ
∂t
= −i[H, ρ] +D(ρ) (12)
where
D(ρ) =
∑
i
γi
2
(2c†iρci − c
†
iciρ− ρc
†
i ci) (13)
In this case, the time derivatives of 〈N〉 and 〈J〉 are not
zero, but, from (5), the correlation function is still con-
served if
d
dt
〈N〉 = κ 〈N〉 (14)
d
dt
〈J〉 = mκ 〈J〉 (15)
where κ is an arbitrary constant.
The time derivative of the mean value of an operator,
using the Schro¨dinger picture, can be expressed as:
∂
∂t
〈A〉 = Tr
{
∂
∂t
(Aρ)
}
= Tr
{
A
∂ρ
∂t
}
. (16)
Using this, with Eq.(12) for ∂ρ/∂t, the conditions for the
conservation of the total correlation function in Eq.(14)
become
−i 〈[H,N ]〉+
∑
i
γi
2
〈(2c†iNci − c
†
i ciN −Nc
†
ici)〉 = κ 〈N〉
(17)
−i 〈[H, J ]〉+
∑
i
γi
2
〈(2c†iJci − c
†
iciJ − Jc
†
i ci)〉 = κm 〈J〉
(18)
In general these conditions cannot be satisfied, but if we
consider the case where all the loss rates are equal, γi =
γ, the second terms on the left hand side of each equation
can be evaluated to −γ 〈N〉 and −γm 〈J〉. Thus, with
[H,N ] = 0 = [H, J ] as before, and κ = γ, the total
correlation function is conserved.
This result can be summarized in a Corollary:
Corollary: For any dissipative system with an arbi-
trary number of modes, described by an Hamiltonian H,
and with a linear dissipator D(ρ), where each mode de-
cays with the same rate γ, iff H globally possess a U(1)
symmetry, i.e. iff [H,N ] = 0, where N is the total num-
ber operator, then the total mth order equal time correla-
tion function g
(m)
tot (t, t) is a conserved quantity.
The corollary also applies to the case of linear gain in-
stead of loss (swapping the c and c† operators in Eq.(13)),
but not nonlinear dissipative processes (c replaced by c2
etc).
Although the requirement for all the modes to have
equal loss rates is a significant restriction, there are many
4physical systems made of identical elements, for which
the losses are expected to be be equal, so the theorem
applies. For examples, we can look to photonic lattice
structures [18, 19], arrays of semiconductor micro cavi-
ties with same detuning [20] and continuous systems, like
waveguide or waveguide networks with isotropic geome-
try [21].
Single mode quantum field. We consider first the dy-
namics of the SOC function for a single mode photonic
mode (a, a†) without any pumping term. This may be
linear, but, as previously discussed,there may be self-
interaction terms, such as a Kerr non-linearity, provided
they depend only on the number operator a†a. The con-
ditions for our theorem are satisfied and the SOC is con-
served during the dynamics of the system as the pop-
ulation decays away. However, this is not trivial, as in
the case without dissipation; both d 〈N〉 /dt and d 〈J〉 /dt
are non zero, but their contributions cancel. If a pump
is introduced then [H,N ] 6= 0, so the SOC will become
time dependent. Hence, in an experiment with a pulsed
pump, a non-classical correlation can develop while the
pump is on, and this will remain unchanged as the field
decays away after the pump switches off.
Two modes quantum field. We next consider again the
case of two undriven bosonic modes, coherently coupled,
as in (7), with the same linear dissipation for each mode.
Using the master equation approach it is easy to show
that the dissipation terms appearing in Eqs.(8) and (9)
are exactly cancelled by those in the autocorrelation func-
tions, (10), so, as expected, the total SOC is conserved.
However, it is instructive to look in more detail at the
development of non-classical correlations in a two mode
system with Kerr non-linearities.
We use the positive-P representation developed by
Drummond et al.[22], to transform the master equa-
tion, Eq(12), into a set of stochastic differential equations
which are solved using Monte-Carlo methods. We con-
sider a system of two non-linear bosonic modes described
by the Hamiltonian Htm, with the addition of on-site
non-linearities g(a†21 a
2
1+a
†2
2 a
2
2), prepared in an initial co-
herent state, |ψ(0)〉 = |α1, α2〉, with |α1|
2 particles in one
mode and |α2|
2 particles in the other mode. We evaluate
the normalized second order correlation function for each
mode and for the cross-correlations. While the particles
move between cavities and disappear due to dissipation,
the quantities G
(2)
i,j = 〈a
†
ia
†
jaiaj〉 /N
2, describing the cor-
relation functions normalized to the total number of par-
ticles, undergo a dynamical evolution. However, it can
be clearly seen that the total correlation function is con-
stant in the whole time interval, as our theorem requires.
The conserved g
(2)
tot = 1, as the initial state is coherent.
By contrast,if we look at the the individual cavity SOCs,
g
(2)
1 (t, t) and g
(2)
2 (t, t), non-classical behaviour is appar-
ent, with their values falling below one at some stages of
the evolution. This demonstrates a situation where the
0.0
0.5
1.0
1.5
2.0 (a)
n1 n2
0
1
2
(b) G(2)1,1 G(2)2,2 G(2)1,2 g (2)tot
0 2 4 6 8 10 12 14
time (γt)
0
1
2
3 (c) g (2)1 (t) g
(2)
2 (t)
FIG. 2. Numerical solutions for the number of excitation
for two coupled bosonic modes, with coupling τ = 1.5γ and
nonlinearity g = 0.25γ, prepared into an initial state with
|α1|
2 = 1.7 particles in mode 1 and |α2|
2 = 0.22 particles in
mode 2 (α1 and α2 both real and positive), and ω1 = ω2 =
0. (a) Populations of the two modes, n1 and n2. (b) The
correlation functions G
(2)
i,j = 〈a
†
ia
†
jaiaj〉 /N
2 for each mode
and for the cross terms. The total correlation function for
the emitted light is a constant of motion; in this case g
(2)
tot =
1, as the initial state is coherent.(c) The time evolution of
the normalized SOC functions for the individual modes; each
shows a non-trivial behavior, even though the total correlation
function is stationary.
total emission has classical statistics, but quantum effects
can be observed if the individual modes are resolved.
Continuum limit. Until now we have considered a dis-
crete collection of quantum systems. However, our The-
orem can be extended to the case of a system with a
continuum of modes, for example, the optical field in a
waveguide. If the Hamiltonian commutes with the total
number operator[23],
N =
∫
dx a†(x)a(x), (19)
then the total SOC,
g
(2)
tot =
1
N2
∫ +∞
−∞
dx dx′ a†(x)a†(x′)a(x)a(x′) (20)
is stationary, provided any losses are linear and indepen-
dent of x. This is true even when individual point-like
components, g(2)(x, x′), experience temporal dynamics.
Conclusion. In conclusion we have shown that the mth
order quantum correlation function is a constant of mo-
tion, for systems where the Hamiltonian possess global
U(1) symmetry and any dissipation is identical for each
mode of the system and linear in the system operators.
For a multimode system, the mth order quantum corre-
lation function may change dynamically in each mode,
due to the their mutual interactions. However, total cor-
relation function will still be a constant of motion. Our
5theorem suggests that the total correlation function may
be an interesting parameter to measure in systems which
undergo phase transitions characterized by the breaking
of a global U(1) symmetry. Our results also demonstrate
that care is necessary when using the SOC as a probe for
non-classical physics: in systems with U(1) symmetry, it
may be necessary to isolate light from individual modes,
rather than looking at the statistics of the total emitted
light.
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